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O ■ Abstract 

Many examples of gravitational duals exist of theories that are highly supersymmetric and 

in 
o . 

theories with an explicit UV cutoff and propose that, by tuning higher dimension operators at 
the cutoff by hand, the effects of the extra matter states in the UV may be removed from the 
IR physics. We explicitly work in the AdS-Schwarzschild description of QCD 4 and tune the 
^| operator TrF 4 by relaxing the near horizon limit to reproduce the lattice ++ glueball mass 



conformal in the UV yet have the same massless states as Af = 2,1,0 QCD. We discuss such 



results. We find that to reproduce the lattice data, the IR and UV cutoffs lie close to each 
other and there is essentially no AdS-like period between them. The improved geometry gives 



X 

5h ' a better match to the lattice data for + glueball masses. 
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1 Introduction 



The AdS / CFT Correspondence PU 121 13] provides a dual gravitational description of large N 
SU(iV), M = 4 super Yang-Mills theory. The extra fifth non-compact direction of the AdS space 
corresponds to the energy scale of the gauge theory. Since the gauge theory is conformal, and 
if it is at strong coupling, the gravity description exists on an infinite line in this fifth direction. 
Considerable work [U El El HI has been performed on studying the inclusion of relevant operators 
in the field theory which correspond to fields in AdS whose solutions fall to zero at large radius 
in AdS. In this way one can study theories that have the massless states of Af = 2, 1, theories. 
At large radius the space returns to AdS and the gauge theory to the M = 4 theory. Typically 
in the interior the supergravity description becomes singular providing an infra-red block which 
corresponds to the induced mass gap of the theory with less supersymmetry. 

Such constructions have been used as tools to study the low energy behaviour of the Af = 
2,1,0 gauge theories and are often used for comparison to the pure versions of those theories 
without the extra states in the UV. Confinement jHUHlE]] and chiral symmetry breaking [THIT2*] 
are broadly well described. In fact the bound state spectrums of these theories [121 EH EH EH 
[T71 [THl Un| also seem to match well to those observed (and predicted by the lattice) in real QCD. 
Recently a number of authors have constructed toy phenomenological models of QCD using a 
slice of AdS space with appropriate fields to describe the low lying hadronic states [201 |2H 122] • 
These models find good agreement with QCD at the 20-30% level or better. 

Whilst deformed AdS geometries presumably do a good job of catching QCD-like physics 
in the IR below the mass of the superpartners, these theories all have additional massive states 
at strong coupling and evolve to a conformal strongly coupled theory in the UV. A priori this 
appears to leave very non QCD-like theories and any match with QCD states would appear to 
be telling us mainly about the universality of these masses across a range of gauge theories. In 
this paper we want to begin addressing the issue of systematically removing this unwanted UV 
physics. We clearly do not want a large UV strongly coupled conformal interval so we will apply 
a hard UV cutoff in the gravitational description corresponding to roughly the scale where QCD 
would transition between perturbative and non-perturbative physics. In the theories developed 
to date there will be additional fields to those we want even at this scale (typically with masses 
of order this scale). The couplings of these fields will necessarily alter the physics of the fields 
we are interested in describing. Since the extra fields are massive we hope that their influence 
on the running of the gauge coupling will be small. Their main effect will be to distort the 
coefficients of higher dimension operators in the fields we wish to study. We want to assume 
that the physics above the cutoff scale is that of QCD rather than the M = 4 theory but the 
higher dimensional operators will be the wrong ones for this case if we just impose a cutoff. 
The natural correction is to hand tune the higher dimension couplings to the values in QCD to 
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reproduce the correct physics. This is what we begin to study in this letter. 

The idea of tuning higher dimension operators to remove the effects of "regulator" fields is 
similar to the idea of perfect or improved actions in lattice gauge theory [23 121]- If working on 
too coarse a lattice, the lattice infects the QCD physics under study with artifacts. However, 
in principle, by appropriately tuning the higher dimension operators of the theory it should be 
possible to precisely reproduce QCD results even on an arbitrarily coarse lattice. In practice, 
adjusting just one or a few higher dimension operators to correctly reproduce the physical data 
shows improvement across the whole predicted spectrum. 

There are also strong links to the ideas of the exact renormalization group - a number of 
studies have been made [231211 where a gauge theory of interest is UV regulated by either Af = 4 
Yang Mills' conformal nature or by Pauli Villar's type fields. If the mass of these fields is at a 
scale where there is weak coupling they essentially decouple. However, the exact renormalization 
group provides a formalism that tracks how one must switch on higher dimension operators to 
keep the physics invariant even as these fields are made light and brought into the energy regime 
of strong coupling. 

In this paper we will study the glueball mass spectrum of the AdSy Schwarzschild black hole. 
This solution describes the theory on the world volume of an M5 brane with a compact dimension 
and at finite temperature. The resulting theory is believed, below the temperature scale, to 
describe four dimensional non-supersymmetric Yang Mills theory. The glueball spectrum is well 
known [13 13113 EE3 EH CHI d and lies within 30% or so of the QCD lattice results. The 
additional M5 brane fields have masses of order the temperature of the field theory and distort 
the UV of the theory into a strongly coupled 5+1 dimensional theory. An attempt was made in 
[14j to remove some of the extra fields in the theory by making the brane configuration rotate. 
However, to maintain a gravitational description, extra fields are needed to keep the theory at 
strong coupling in the UV so they can not be removed completely. Instead we will introduce 
an explicit UV cutoff into this theory and then tune the coefficient of the TrF 4 coupling at the 
cutoff to try to remove the incorrect UV physics (i.e. the effects of these extra fields) in the glue 
sector and hence improve the glueball results. To switch on this operator one simply allows the 
solution to revert to flat space asymptotically by undoing the near horizon limit. The resulting 
deformation has the correct dimension and symmetry properties to play the role of the TrF 4 
coupling. Previous studies of this theory can be found in [23 123 123 EH] ] the operator may result 
from any number of changes to the UV of the theory, from switching on gravity to embedding 
the theory in a multi-centre solution. We imagine that above our UV cutoff the theory is true 
Yang Mills theory. If we did not impose a cutoff the higher dimension operator would grow 
into the UV and eventually come to dominate the physics. In this case the operator makes the 
potential that is responsible for the discrete glueball spectrum unbounded. We therefore take 
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the scale where the potential instability sets in as the natural UV cutoff. 

We will see that to match the lattice large N ++ glueball 1 mass data, we must make 
the operator TrF 4 large at a rather low scale. In fact, there turns out to be such a small 
interval between the UV and IR cutoffs that there is no AdS like geometry left and barely any 
gravity description at all! This is perhaps not surprising since QCD presumably moves into the 
strong coupling regime fairly quickly and then almost immediately generates a mass gap. We 
nevertheless look at the predictions of our short interval for the _+ glueballs. Only N = 3 
lattice data exists but our improved geometry is a better match to the data than the unimproved 
geometry. 



2 The Improved Geometry 

To construct a dual gravitational description of QCD 4 we begin with the M5 brane solution of 
lid Euclidean supergravity [3*T] . 



ds 2 n = h 3 



b 6 

7 



dr 2 + dx 



i=i 



, 2 

+ hs 



(i) 



where h is the solution of the 5d Laplace equation and b corresponds to the inverse of the 
temperature of the dual field theory 02, ■ If we let p = X 2 and go to the non-extremal near 
horizon limit (b = 0, h = p -3 ) of this metric, we get: 



ds 2 u = X 2 



dr 2 + dx 2 



i=l 



+ —dx 2 + dnl 

X A 



(2) 



ie. AdSyxS 4 after appropriate scaling of coordinates and a Wick rotation. From this we can 
see that p has mass dimension two. 

We now want to modify the metric to include the effect of adding Tr F A to the dual field 
theory. 



S 



FT 



d 6 x 



fr 



-TvF 2 + GTrF 4 + 



(3) 



The coupling G has mass dimension -6. The gravitational dual of this can be included by adding 
a constant term in the solution for h 



h = p~ s -> p^{l + ap 6 ) 



(4) 



i.e. going away from the near horizon limit, a has the right mass dimension -6 to be dual to G 
plus correctly has no R-charge since it does not depend on angles on the four sphere. 



1 Throughout the text we will label the glueballs by their quantum numbers J PC 
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QCD4 is dual to the low energy limit of IIA string theory on the AdS-Schwarzschild back- 
ground jHHj E3] on imposing anti-periodic boundary conditions for the fermions in the compact 
r direction. We can obtain the type IIA metric from ([TJ by compactifying the 11 th dimension 

2^ 1 

and rescaling the metric by a factor = h~e: 



as IIA 



1 - 



£6 
p 3 



) dr 2 + ^ dx i 
' »=i 



1 - 



dp 2 + p 2 dVt\ 



(5) 



This solution has a non-constant dilaton = h~*. This is our improved geometry in which we 
will now calculate the glueball spectra. 

Note that the function h, being a solution of the five dimensional Laplace equation, can 
encode a more complicated function if we allow it to have angular dependence. Terms in h that 
fall off at large radius are associated with operators of the form Tr <j) n in the field theory [351 EE] , 
whilst those that grow correspond to R-charged higher dimension operator couplings. Since we 
are interested in the glue sector we will not make use of these operators. 



3 The ++ Mass Spectrum 

We first calculate the mass spectrum of the ++ glueball. This is derived on the supergravity 
side by solving the equation of motion for a massless scalar 

d, ygsTe-^W] = (6) 
in the string frame background (jSJ). Assuming that $ is of the form $ = f(p)e lkx this gives 



1 d 
p dp 



k 2 (l + ap 3 )f(p), 



(7) 



where we have set b = 1 and the mass of the dilaton is m 2 = —k 2 in units of b. 

In order to change this equation of motion into a Schrodinger form, we make a change of 
the dependant variable to z and rescale / 



dz 
dp 



1 + ap 3 
p 3 - 1 



f(z) -> f(z)e-y dz ' p ( z '\ 



where 



P(p) 



5p 3 - 2 + ap 3 (8p 3 - 5) 



2p v /p 3 -l(l + ap 3 )2 
We now have an equation in Schrodinger form with a potential 



(8) 



(9) 



-g"(z) + Q{z)g(z) = m 2 g(z), 



Q(z) = \v\z) + \p(z) 2 , 



(10) 
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or, in terms of the radial coordinate p 



(11) 



We plot the potential as a function of a in Figure 1 for different values of a. For a = the 
pure AdS geometry gives a well that is bounded into the UV and an infinite, discrete glueball 
spectrum. When a is non-zero, the UV potential is modified and eventually falls to zero. In 
the field theory the higher dimension operator grows into the UV until it dominates the physics 
and removes the discrete spectrum. If we allow this to happen then we are not describing a 
QCD-like theory in the UV, so we will impose a hard UV cutoff, A. The natural scale to place 
the cutoff is at the turning point of the potential since that includes in the IR theory the highest 
possible tower of discrete states - we will adopt this value for the cutoff henceforth. Thus as we 
increase a we will necessarily be working on a shorter radial interval. 



V(,» 




Figure 1: QCD 4 Schrodinger potential for the ++ glueballs a = to a = 0.01. 



We calculate the eigenvalues of (J7J) numerically using the "shooting technique" , whereby we 
fix a value for k 2 , set boundary values for f'(p) at the cutoff A and then solve the equation of 
motion numerically down to the black hole horizon at p = 1. We then repeat this for different 
values of k 2 . The eigenvalues will be those values of k 2 for which the solution is regular at the 
horizon i.e. for which f'(0) is constant. 

We know that for a = taking p — > oo, the metric goes to AdS space and the normalisable 
solution to the wave equation (JJJ) goes like p~ 3 . We will use the naive boundary conditions 
/(A) = A~ 3 , /'(A) = —3 A -4 in all cases below. As a grows and the cutoff falls this boundary 
condition, which represents the effective dimension of TrF 2 , should presumably change - it 
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is essentially a matching condition on the dimension that should come from the UV theory. 
We have checked that if we instead use the boundary conditions /(A) = A~( 3+e \ /'(A) = 
— (3 + e)A~( 4+e ) with — 1 < e < 1 the ratio of the lightest two glueballs masses only changes 
by 6%. This indicates that the mass spectrum is largely insensitive to the precise values of the 
boundary conditions. Note that this range includes TrF 2 having dimension four as one might 
expect in real QCD. 

Using this shooting technique, we tune a to get a glueball spectrum that agrees best with the 
available large N lattice data [HZIISH1- Figure 2 shows the ratio m(0 ++ *)/m(0 ++ ) for different 
values of a. We can see that setting a = 0.0855 gives the correct value for the second glueball 
mass (the first is fixed by normalisation). This implies that A = 1.99 - we will refer to this case 
as the "improved geometry" . For this value of a we get the spectrum of masses shown in Table 
1. The glueball masses rise in the theory although we have no more lattice data to compare to 
for this state. 

The result, that to correctly reproduce the lattice data we must raise a so that the theory 
only provides a description between an IR scale of b = 1 and a UV scale of a/A = 1.41 (note y/X 
has mass dimension 1), is important. Although the original AdS black hole produced results 
that match the QCD data reasonably we find that to move to a phenomenological model of 
QCD we must actually distort the AdS space considerably. Indeed, the gravitational theory's 
interval is worryingly small and non-AdS like. This is not so surprising in terms of real QCD 
where the regime between the QCD coupling becoming non-perturbative and the scale of the 
mass gap of the theory is quite small. This result may have important ramifications for attempts 
to turn toy models of the sort in (213 12H 122] into true phenomenological tools. 



Glueball State 


Improved Geometry 


a = 


N = 3 Lattice 


N = oo Lattice 


0++ 


1.00 


1.00 


1.00 


1.00 


++* 


1.90 


1.58 


1.74 


1.90 


Q++** 


3.05 


2.15 






qH — h*** 


4.27 


2.72 






— |-**** 


5.52 


3.33 







Table 1: QCD4 ++ glueball masses from AdS (a = 0) and Improved (a = 0.0855) geometries 
along with lattice data [SZ1ISH1- Normalisation is such that the ground state mass is set to one. 



4 The + Mass Spectrum 

We now consider the _+ glueballs. We assume that the dominant contribution to their mass 
spectrum will come from the Tr FF operator as this is the lowest dimension operator with the 
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m ++. 




Figure 2: m ++./m ++ for different values of a 



correct quantum numbers. Dual to this on the supergravity side is the RR 1-form A^. The 
equation of motion for this is 

du [^g^g^idsAe - d a A & )] = 0. (12) 

As with the ++ , we look for solutions of the form A T = f(p)e lk x in the background (0). The 
result is the equation 

fc 2 (l + ap 3 )/(p). (13) 



1 / 3 -,\ d 

7 ( " l) T P 



dp 



If we set a = 0.0855 and A = 1.99, which were their optimum values for the ++ , we get the 
spectrum shown in Table 2. We have normalised all masses to the ++ ground state. The lightest 
state does not match well to the N=3 lattice data - this state was omitted from the spectrum 
in EI] which then improves the fit considerably! The effect of our improved geometry is 
to make the states more massive which improves the fit to the data whether the first state is 
omitted or left in. To truly match these states to the data would presumably require a higher 
dimension operator with P = — 1, C = +1 quantum numbers to be tuned - it is not clear how 
to include such an operator though. 



Glueball State 


Improved Geometry 


a = 


N = 3 Lattice 


0"+ 


0.35 


0.29 


1.61 


-+* 


1.38 


1.24 


2.26 


Q — h** 


2.48 


1.84 




Q — h*** 


3.71 


2.42 





Table 2: QCD 4 + glueball masses from AdS (a = 0) and Improved (a = 0.0855) geometries 
along with lattice data [37J . All states are normalised to the ++ ground state. 
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5 Conclusions 



We have shown that by including the gravitational dual of a higher dimensional field theory 
operator to the usual AdS-Schwarzschild metric, we can tune our theory to match onto the first 
excited ++ glueball state as calculated using lattice techniques. Having fixed the strength of 
this perturbation, we also find that the h spectrum is improved. We find that in order to get 
the correct ++ spectrum we almost entirely remove the AdS-like region of the space. This ties 
in with there being only a small energy range between the mass gap and strong coupling region 
of QCD. 
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